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Abstract
We discuss several aspects of the proposed correspondence between quantum gravity on de Sit-
ter spaces and Euclidean conformal field theories. The central charge appearing in the asymp-
totic symmetry algebra of three-dimensional de Sitter space is derived both from the conformal
anomaly and the transformation law of the CFT stress tensor when going from dS3 in planar
coordinates to dS3 with cosmological horizon. The two-point correlator for CFT operators cou-
pling to bulk scalars is obtained in static coordinates, corresponding to a CFT on a cylinder.
Correlation functions are also computed for CFTs on two-dimensional hyperbolic space. We fur-
thermore determine the energy momentum tensor and the Casimir energy of the conformal field
theory dual to the Schwarzschild-de Sitter solution in five dimensions. Requiring the pressure
to be positive yields an upper bound for the black hole mass, given by the mass of the Nariai
solution. Beyond that bound, which is similar to the one found by Strominger requiring the
conformal weights of CFT operators to be real, one encounters naked singularities.
∗dietmar.klemm@mi.infn.it
1 Introduction
In the last months there has been an increasing interest in gravity on de Sitter (dS)
spacetimes [1, 2, 3, 4, 5, 6, 7, 8, 9]. This is partially motivated by recent astrophysi-
cal data indicating a positive cosmological constant [10]. Apart from phenomenological
aspects, it would also be desirable to understand the role of de Sitter spaces in string
theory, and to clarify the microscopic origin of the entropy of dS space1. Whereas string
theory on anti-de Sitter spaces is known to have a dual description in terms of certain
superconformal field theories [16], no such explicit duality was known up to now for dS
spacetimes. The first evidence for a dS/CFT correspondence was given by Hull [17], who
considered so-called IIA* and IIB* string theories, which are obtained by T-duality on a
timelike circle from the IIB and IIA theories respectively. The type IIB* theory admits
E4-branes, which are the images of D4-branes under T-duality along the time coordinate
of the brane. The E4-branes interpolate between Minkowski space at infinity and dS5 ×
H5 near the horizon, where H5 denotes hyperbolic space. The effective action describing
E4-brane excitations is a Euclidean D = 4, N = 4 U(N) super Yang-Mills theory, which
is obtained from SYM in ten dimensions by reduction on a six-torus with one timelike
circle. This leads to a duality between type IIB* string theory on dS5 × H5 and the men-
tioned euclidean SYM theory [17]. Unfortunately this example is pathological, because
both theories have ghosts2.
Based on [17] and related ideas that appeared in [21, 22, 2], Strominger proposed recently
a more general holographic duality relating quantum gravity on dSD to a conformal field
theory residing on the past boundary I− of dSD [6]. He argued that in general this CFT
may be non-unitary, with operators having complex conformal weights, if the dual bulk
fields are sufficiently massive. The asymptotic symmetry algebra of three-dimensional
de Sitter space was found to consist of two copies of Virasoro algebras with central charges
c = c˜ = 3l/2G [6], where l is the dS3 curvature radius, and G denotes Newton’s constant.
This generalizes the result of Brown and Henneaux [23] to the case of positive cosmolog-
ical constant. In this paper, we derive this central charge by two independent alternate
methods. The first uses the relation to the trace anomaly, whereas the second is based on
the transformation law of the CFT stress tensor when going from the plane, corresponding
to dS3 in planar coordinates, to the cylinder, corresponding to dS3 with a cosmological
horizon. The shift of −c/24 in the Virasoro generators is thereby identified with the neg-
ative mass of dS3 in presence of a cosmological horizon.
The two-point correlator for CFT operators coupling to bulk scalars is then obtained in
static coordinates. This correlation function agrees with the result that one would get by
starting with the two-point function on the plane, and then using the scaling relations
1For microscopic derivations of dS entropy based on the Chern-Simons formulation of 2+1 dimensional
dS gravity, or on other approaches that are not directly related to string theory, cf. [11]-[15].
2Note however that Euclidean super Yang-Mills theory can be twisted to obtain a well-defined topo-
logical field theory in which the physical states are the BRST cohomology classes [18, 19, 20]. According
to [17], this should correspond to a twisting of the type IIB* string theory, with a topological gravity
limit.
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for CFT operators under the coordinate transformation from the plane to the cylinder.
Thereby, the conformal weights of the operators are given in terms of the masses of the
bulk fields. Several properties of the correlator in static coordinates are discussed.
We also compute correlation functions for CFTs on two-dimensional hyperbolic space,
dual to dS3 in hyperbolic slicing.
Finally we consider the Schwarzschild-dS black hole in arbitrary dimension, and derive
a Smarr-like formula. For the five-dimensional case, we determine then the stress tensor
and the Casimir energy of the dual CFT. Requiring the pressure to be positive yields
an upper bound on the black hole mass, much like the bound obtained in [6] for bulk
scalars, following from reality of the CFT conformal weights. Our bound is exactly the
mass of the Nariai solution [24], for which the event horizon and the cosmological horizon
coalesce.
2 The Stress Tensor for de Sitter Space
The gravitational action of (n+ 1)-dimensional de Sitter gravity has the form
Ibulk + Isurf =
1
16piG
∫
M
dn+1x
√−g
(
R− n(n− 1)
l2
)
+
1
8piG
∫
∂M
dnx
√
γK . (2.1)
The first term is the Einstein-Hilbert action with positive cosmological constant Λ =
n(n − 1)/2l2, whereas the second is the Gibbons-Hawking boundary term necessary to
have a well-defined variational principle. K is the trace of the extrinsic curvature Kµν =
−∇(µnν) of the spacetime boundary ∂M, with nµ denoting the outward pointing unit
normal. γ is the induced metric on the boundary. In evaluating expressions like (2.1)
one usually encounters divergences coming from integration over the infinite volume of
spacetime. In the case of adS gravity, a regularization procedure was proposed in [25, 26,
27], that consists of adding counterterms constructed from local curvature invariants of
the boundary. These counterterms, which are essentially unique, can be easily generalized
to the case of positive cosmological constant, yielding
Ict =
1
8piG
∫
∂M
dnx
√
γ
[
n− 1
l
− lR
2(n− 2)
]
, (2.2)
where R is the Ricci scalar of the boundary metric γ. Using I = Ibulk + Isurf + Ict, one
can then construct a conserved stress tensor [28] associated to the boundary ∂M,
T µν = − 2√
γ
δI
δγµν
=
1
8piG
[
Kµν −Kγµν − (n− 1)
l
γµν − lG
µν
(n− 2)
]
, (2.3)
where Gµν is the Einstein tensor of γ. This generalizes the result of [6] for three-
dimensional de Sitter gravity, where the last term in (2.2) and (2.3) has to be omitted.
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3 dS3 Central Charge from Conformal Anomaly
We start from dS3 in spherical slicing,
ds2 = −l2dτ 2 + l2 cosh2 τ(dθ2 + sin2 θdφ2) . (3.1)
These coordinates cover the entire spacetime. The Carter-Penrose diagram of (3.1) can
be found in [6]. Using (2.3), we can now compute the stress tensor of the dual Euclidean
CFT, residing on the past boundary I− (τ → −∞), i. e. on a two-sphere S2. This yields
Tθθ = − l
16piG
, Tφφ = − l
16piG
sin2 θ . (3.2)
The CFT metric hµν can be obtained by setting dτ = 0 in (3.1) and dropping the diverging
conformal factor cosh2 τ . This gives the trace anomaly
T = hµνTµν = − 1
8piGl
. (3.3)
Comparing this with T = −cR/24pi, where R = 2/l2, we learn that
c =
3l
2G
, (3.4)
confirming the result of [6].
Alternatively, one could consider dS3 in the coordinates (cf. appendix)
ds2 = −l2dτ 2 + l2 sinh2 τ(dθ2 + sinh2 θdφ2) , (3.5)
corresponding to a conformal field theory on the hyperbolic space H2. Then one gets
Tθθ =
l
16piG
, Tφφ =
l
16piG
sinh2 θ , (3.6)
so that T = 1/8piGl. As the scalar curvature is now R = −2/l2, this yields again (3.4).
We finally note that the slicing (3.5) allows furthermore to consider CFTs on compact
Riemann surfaces of genus g > 1, by quotienting dS3 by a suitable discrete subgroup Γ of
the isometry group SO(2, 1) of H2.
3
4 Central Charge from Casimir Energy
There is still another way to obtain the central charge (3.4). Consider dS3 in planar
coordinates, with metric
ds2 = −dτ 2 + e−2τ/ldzdz¯ , (4.1)
where −∞ < τ < ∞, and z, z¯ range over an infinite plane. Using n = −∂τ , it can be
easily checked that the energy momentum tensor (2.3) vanishes for (4.1).
By means of the transformation
τ = t− l
2
ln |V (r)| , V (r) = 1− r
2
l2
,
z = r|V (r)|− 12 e−iφ+t/l , (4.2)
z¯ = r|V (r)|− 12 eiφ+t/l ,
(4.1) can be cast into the form
ds2 = −V (r)dt2 + V (r)−1dr2 + r2dφ2 , (4.3)
where φ is identified modulo 2pi. The Carter-Penrose diagram of (4.3) is shown in figure
(1). The past and future boundaries I∓ correspond to r =∞.
r = 0 r = 0
I
I +
-
r = l
r = l
Figure 1: Carter-Penrose diagram for de Sitter space [29]. I± correspond to r =∞.
The characteristic feature is the appearance of a cosmological event horizon [29] at r = l,
with temperature T = 1/2pil and Bekenstein-Hawking entropy S = pil/2G. For r > l, the
Killing vector ∂t = l
−1(z∂z + z¯∂z¯) + ∂τ becomes spacelike, whereas ∂r becomes timelike.
On the past boundary I−, we have r →∞, and the transformation (4.2) becomes
z = le−iφ+t/l , z¯ = leiφ+t/l , (4.4)
4
or equivalently z = l exp(−iw/l), where we defined w = lφ + it. This is precisely the
transformation from the plane to the cylinder, and it is well-known that this induces a shift
in the Virasoro generators of a two-dimensional conformal field theory. The Hamiltonian
of time translation in the w frame is
lH = L0 + L˜0 − c+ c˜
24
. (4.5)
As the stress tensor (2.3) vanishes for the metric (4.1), corresponding to z, z¯, we know
that the conformal weights L0 and L˜0 are zero. On the other hand, we can compute the
stress tensor for dS3 in static coordinates (4.3) (corresponding to w, w¯), and from this the
Hamiltonian H . A straightforward calculation yields for r →∞
Ttt = − 1
16piGl
, Tφφ =
l
16piG
. (4.6)
The conserved charge M associated with the Killing field k = ∂t is given by [28, 25]
M =
∫ 2pi
0
Tµνu
µkν
√
σdφ , (4.7)
where u = (r2/l2− 1)−1/2∂t is the unit normal to the surface Σt of constant t in ∂M, and
σ denotes the induced metric on Σt. One then gets
M = − 1
8G
. (4.8)
Equating this with the Hamiltonian H , and using c = c˜, we finally obtain
c =
3l
2G
. (4.9)
5 Two-point Correlators in Static Coordinates
Like in [6], we can now compute correlation functions of CFT operators that couple to
bulk fields, in the spirit of the AdS/CFT correspondence. For simplicity, we will consider
only massive scalar fields. In the static coordinates (4.3), the Klein-Gordon equation
reads
m2Φ = ∇2Φ = 1
r
∂r(rV (r)∂rΦ)− 1
V
∂2tΦ +
1
r2
∂2φΦ . (5.1)
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Near I−, the last two terms in (5.1) can be neglected, leading to the asymptotic behaviour
Φ ∼ r−h± (5.2)
for r →∞, with h± given by
h± = 1±
√
1−m2l2 . (5.3)
We will consider only the case 0 < m2l2 < 1, which implies real h±. Similar to [6], we
impose the boundary condition
lim
r→∞
Φ(r, t, ϕ) = r−h−Φ−(t, φ) . (5.4)
The two-point function of the operator O coupling to Φ can be obtained [6] from
lim
r→∞
∫
I−
dt dφ dt′ dφ′
[
(rr′)2
l2
(
Φ(r, t, φ)
↔
∂ r∗G(r, t, φ; r
′, t′, φ′)
↔
∂ r′∗Φ(r
′, t′, φ′)
)]
r=r′
, (5.5)
whereG denotes the Hadamard two-point function given in (B.5), and dr∗ = (−V (r))−1/2dr.
For r →∞, G behaves like (cf. (B.9))
lim
r,r′→∞
G(r, t, φ; r′, t′, φ′) =
γ+(rr
′)−h+
[
cosh
∆t
l
− cos∆φ
]−h+
+ γ−(rr
′)−h−
[
cosh
∆t
l
− cos∆φ
]−h−
, (5.6)
where γ± are constants, and ∆t = t−t′, ∆φ = φ−φ′. Using (5.4) and (5.6), the expression
(5.5) reduces modulo a constant prefactor to
∫
I−
dt dφ dt′ dφ′Φ−(t, φ)
const.[
cosh ∆t
l
− cos∆φ]h+Φ−(t′, φ′) . (5.7)
This yields the two-point correlator
〈O(t, φ)O(t′, φ′)〉 = const.[
cosh ∆t
l
− cos∆φ]h+ , (5.8)
or in the coordinates w, w¯,
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〈O(w, w¯)O(w′, w¯′)〉 = const. e
−piiTh+(∆w+∆w¯)
(1− e−2piiT∆w)h+ (1− e−2piiT∆w¯)h+ , (5.9)
where T = 1/2pil denotes the Hawking temperature of the cosmological horizon. The
AdS analogue of (5.9) has been obtained in [30]. In that case, it corresponds to a BTZ
black hole in the bulk. (5.9) agrees with the result that one would get by starting with
the two-point correlator
〈O(z, z¯)O(z′, z¯′)〉 ∼ 1
(∆z∆z¯)h+
, (5.10)
obtained in [6], and using the scaling relations for dimension (h+, h+) operators under the
coordinate transformation from the plane to the cylinder [31].
Note that the finite extent of the system is not in t direction, but along the coordinate φ.
The infinite cylinder geometry that we have should thus correspond rather to a quantum
chain at zero temperature, but with periodic boundary conditions, and not to an infinite
chain at finite temperature. The system would thus have a correlation length ξ = l/h+,
and a mass gap δE = h+/l between the ground state and the first excited state [32].
Alternatively, one could interpret (5.9) as a thermal correlator at imaginary temperature
iT = i/2pil,
〈O(w, w¯)O(w′, w¯′)〉 ∼ [sinh(ipiT∆w) sinh(ipiT∆w¯)]−h+ . (5.11)
This would mean that the coordinate transformation z = l exp(−iw/l) induces a Bo-
goljubov transformation of the operators O(z, z¯) to new operators O(w, w¯) that see the
Poincare´ vacuum as a thermal bath of excitations (at imaginary temperature). Note also
that (5.8) is invariant under the shift
∆t 7→ ∆t + iβ , (5.12)
where β = 1/T . This means that the temperature is imaginary, because t is already a
Euclidean time. The significance of an imaginary temperature in this context remains
rather obscure, but it may be related to the fact that I− lies actually behind the horizon,
whereas the concept of a (real) Hawking temperature is well-defined only outside the
horizon.
It is possible to rederive the central charge (3.4) by expanding (5.8) in powers of ∆t and
∆φ3, which yields the leading term (5.10) plus finite size corrections. Inserting the correct
prefactor for the two-point function of dimension (h+, h+) operators on the cylinder [33],
we have
3I would like to thank Tassos Petkou for pointing out this to me.
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〈O(t, φ)O(0, 0)〉 = l−2h+
[
2 cosh
t
l
− 2 cosφ
]−h+
, (5.13)
which yields for small t, φ
〈O(t, φ)O(0, 0)〉 = (t2 + l2φ2)−h+
[
1− h+
12l2
(t2 − l2φ2) + . . .
]
. (5.14)
One can now compare this with the operator product expansion [33]
O(r)O(0, 0) ∼ r−2h+ + Cµν(r)Tµν(0) + . . . , (5.15)
where in our conventions
Cµν(r) =
2pih+
c
(
rµrν − 1
2
r2hµν
)
r−2h+ . (5.16)
Using the expectation value (4.6) of the energy momentum tensor, one obtains again
c = 3l/2G.
6 Two-point Correlators in Hyperbolic Coordinates
In [6], the two-point function of CFT operators that couple to massive Klein-Gordon bulk
fields was computed for the case where the CFT lives on a sphere S2. Starting from
dS3 in hyperbolic coordinates (3.5), we can do similar calculations for CFTs on H
2. The
Klein-Gordon equation reads
m2l2Φ = l2∇2Φ =
−∂2τΦ− 2 coth τ∂τΦ +
1
sinh2 τ sinh θ
∂θ(sinh θ∂θΦ) +
1
sinh2 τ sinh2 θ
∂2φΦ . (6.1)
For τ → −∞, the last two terms in (6.1) can be neglected, and thus
lim
τ→−∞
Φ(τ, θ, φ) = Φ+(θ, φ)e
h+τ + Φ−(θ, φ)e
h−τ . (6.2)
The asymptotic behaviour of the propagator is (cf. (B.12))
lim
τ,τ ′→∞
G(τ, w, w¯; τ ′, v, v¯) =
γ+e
h+(τ+τ ′)
(1− ww¯)h+(1− vv¯)h+
|w − v|2h+ + γ−e
h−(τ+τ ′)
(1− ww¯)h−(1− vv¯)h−
|w − v|2h− , (6.3)
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where w = tanh θ
2
eiφ is a complex coordinate on H2. The hyperbolic analogue of (5.5)
reads
lim
τ→−∞
∫
I−
d2wd2v
√
h(w)h(v)
[
e−2(τ+τ
′)
(
Φ(r, w, w¯)
↔
∂ τG(τ, w, w¯; τ
′, v, v¯)
↔
∂ τ ′Φ(τ
′, v, v¯)
)]
τ=τ ′
,
(6.4)
√
h(w) = 2(1− ww¯)−2 denoting the measure on H2. Inserting (6.2) and (6.3) into (6.4),
one obtains, up to a normalization constant,
∫
I−
d2w d2v
√
h(w)h(v) (γ+Φ−(w, w¯)∆h+Φ−(v, v¯) + γ−Φ+(w, w¯)∆h−Φ+(v, v¯)) , (6.5)
where ∆h± is the two-point correlator for a conformal field of dimension h± on the hyper-
bolic space H2,
∆h± =
[
(1− ww¯)(1− vv¯)
|w − v|2
]h±
. (6.6)
7 Schwarzschild-de Sitter Black Holes in Arbitrary
Dimension
The metric for the Schwarzschild-de Sitter black hole in D dimensions reads4
ds2 = −V (r)dt2 + V (r)−1dr2 + r2dΩ2D−2, (7.1)
where
V (r) = 1− µ
rD−3
− r
2
l2
, (7.2)
and dΩ2D−2 denotes the standard metric on the unit S
D−2. For D = 5, the product of
(7.1) with hyperbolic space H5 is a solution of IIB* supergravity [17], whereas for D = 4,
the de Sitter black hole (7.1) times adS7 solves the equations of motion [21] of the low
energy effective action of M* theory [38], which is the strong coupling limit of the IIA*
theory, and has signature 9 + 2.
For mass parameters µ with 0 < µ < µN , where
4For generalizations cf. [34] -[37].
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µN =
2lD−3
D − 1
(
D − 3
D − 1
)D−3
2
, (7.3)
one has a black hole in de Sitter space with event horizon at r = rH > 0 and cosmological
horizon at r = rC > rH , with V (rH) = V (rC) = 0. For µ = µN , the event horizon and the
cosmological horizon coalesce, and one gets the Nariai solution [24]. For µ > µN , (7.1)
describes a naked singularity in de Sitter space. We thus notice that the absence of naked
singularities yields an upper bound for the black hole mass. Below we will see (for the
case D = 5) that the same bound results from the requirement that the pressure of the
dual CFT must be positive. It is interesting that analogous bounds arise for bulk fields
coupling to CFT operators, if one wants to have real conformal weights [6].
We start by deriving a Smarr-like formula for (7.1), following the lines of [29]. Consider
the Killing identity
∇µ∇νkµ = Rνρkρ = D − 1
l2
kν , (7.4)
where kµ is a Killing vector, ∇(ν kµ) = 0, and we used the Einstein equations in the last
step. Now integrate (7.4) on a spacelike hypersurface Σt from the black hole horizon rH
to the cosmological horizon rC . On using Gauss’ law, this gives
1
2
∫
∂Σt
∇µkνdΣµν = D − 1
l2
∫
Σt
kνdΣ
ν , (7.5)
where the boundary ∂Σt consists of the intersection of Σt with the black hole- and the
cosmological horizon,
∂Σt = S
D−2(rH) ∪ SD−2(rC) . (7.6)
Applying (7.5) to the Killing vector k = ∂t yields
D − 2
16piG(D − 3)
∫
SD−2(rH )
∇µkνdΣµν + D − 2
16piG(D − 3)
∫
SD−2(rC)
∇µkνdΣµν
=
(D − 1)(D − 2)
8piGl2(D − 3)
∫
Σt
kνdΣ
ν , (7.7)
where G = lD−2P denotes Newton’s constant. One can regard the right-hand side of
Eq. (7.7) as representing the contribution of the cosmological constant to the mass within
the cosmological horizon. As in [29], we therefore identify the second term on the left-
hand side as the total mass MC within the cosmological horizon, and the first term as the
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negative of the black hole mass MBH . The latter can be rewritten by using the definition
of the surface gravity κH , which, by the zeroth law, is constant on the horizon. In this
way, one obtains
MBH =
D − 2
8piG(D − 3)κHAH , (7.8)
where AH denotes the area of the event horizon. One therefore gets the Smarr-type
formula
MC =
D − 2
8piG(D − 3)κHAH +
(D − 1)(D − 2)
8piGl2(D − 3)
∫
Σt
kνdΣ
ν , (7.9)
from which a first law of black hole mechanics can be derived. Evaluating (7.9) yields
MC =
(D − 2)VD−2
16piG
[
µ− 2
D − 3
rD−1C
l2
]
, (7.10)
where VD−2 is the volume of the unit S
D−2.
Alternatively, we can use the stress tensor (2.3) in order to associate a mass to the
spacetime (7.1). We will consider only the case D = 5, and write the metric on the unit
S3 as
dΩ23 = dθ
2 + sin2 θdφ2 + cos2 θdψ2 . (7.11)
Then the stress tensor (2.3) of the CFT dual to the Schwarzschild-de Sitter black hole in
five dimensions reads
8piGTtt =
12µ− 3l2
8lr2
+O(r−4) ,
8piGTθθ =
−4µl + l3
8r2
+O(r−4) , (7.12)
8piGTφφ =
−4µl + l3
8r2
sin2 θ +O(r−4) ,
8piGTψψ =
−4µl + l3
8r2
cos2 θ +O(r−4) .
(7.13)
Like in the AdS/CFT correspondence, the metric of the manifold on which the CFT
resides, is defined by
11
hµν = lim
r→∞
l2
r2
γµν , (7.14)
where γµν denotes the induced metric on the boundary ∂M. The field theory’s stress
tensor Tˆ µν is related to the one in (2.3) by the rescaling [39]
√
hhµρTˆ
ρν = lim
r→∞
√
γγµρT
ρν , (7.15)
which amounts to multiplying all expressions for Tµν in (7.12) by r
2/l2 before taking the
limit r →∞. Defining the ”pressure”
p =
−4µ+ l2
64piGl3
, (7.16)
and v = (1, 0, 0, 0), we can write the energy-momentum tensor as
Tˆµν = p(−4vµvν + hµν) , (7.17)
which is conserved and traceless. Note that the pressure is positive precisely if µ < µN ,
i. e. if naked singularities are absent.
The conserved charge associated with the Killing vector k = ∂t is given by
M =
∫
Tµνu
µkν
√
σdθdφdψ , (7.18)
where, as in (4.7), u = (−V (r))−1/2∂t is the unit normal to the surface Σt of constant t
in ∂M, and σ denotes the induced metric on Σt. One then gets
M =
3pi
8G
(
µ− l
2
4
)
. (7.19)
This is to be identified with the energy of the dual CFT. Note that M is negative for
µ < µN . The Casimir energy EC of the conformal field theory, which lives on R× S3, is
obtained by setting µ = 0, i. e. , for pure de Sitter space without a black hole. We have
thus
EC = −3pil
2
32G
. (7.20)
It is interesting to note that this can be obtained from the mass of anti-de Sitter space,
EC = 3pil
2/32G [25], corresponding to the Casimir energy of N = 4 super Yang-Mills
theory on R× S3, by simply replacing l2 → −l2.
We also notice thatM in (7.19) is different fromMC (7.10), because the latter keeps track
only of the mass within the cosmological horizon, whereas the former has contributions
also from outside.
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Note added
Some time after this paper was posted on the web, a related computation of the Schwarz-
schild-de Sitter mass (7.19) appeared in [40]. There the same result (7.19) was obtained,
but with opposite overall sign. This sign difference comes from the definition
T µν = +
2√
γ
δI
δγµν
(7.21)
for the stress tensor of the dual CFT used in [40], whereas in (2.3) we defined T µν =
−(2/√γ)δI/δγµν5. The motivation for choosing the opposite sign in [40] was to get an
energy that increases with the entropy. Indeed the entropy of the cosmological horizon,
SC =
r3Cpi
2
2G
, (7.22)
increases with decreasing µ (for µ = 0, it reaches its maximum value SC = l
3pi2/2G). At
the same time, the mass
M =
3pi
8G
(
l2
4
− µ
)
, (7.23)
obtained in [40] rises if we lower µ. The temperature TC of the cosmological horizon,
derived from the thermodynamic fundamental relation as TC = ∂M/∂S, is then positive.
Things change however if we consider the entropy SH of the black hole event horizon
instead of the entropy of the cosmological horizon. Inserting µ = r2H/C − r4H/C/l2 and
SH/C = r
3
H/Cpi
2/2G into (7.19), we obtain, up to the Casimir term (7.20), the fundamental
relation
M(S) =
3pi
8lP
[(
2S
pi2
)2/3
− l
2
P
l2
(
2S
pi2
)4/3]
, (7.24)
where S can be either SH or SC . The temperature is then given by
TH/C =
∂M
∂SH/C
=
1
2pi
(
1
rH/C
− 2rH/C
l2
)
. (7.25)
As we have r2H ≤ l2/2 and r2C ≥ l2/2, the black hole temperature is positive with our
definition, whereas the temperature associated to the cosmological horizon is negative. If
we use instead the mass (7.23) of [40], TC is positive, whereas the Hawking temperature
TH of the black hole is negative, or, in other words, the mass decreases with increasing
black hole entropy.
5The definition (2.3) was also used in [6].
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A Coordinate Systems in de Sitter Space
A.1 Static Coordinates
Consider RD+11 with coordinatesX
A, A = 0, 1, . . . , D, and metric (ηAB) = diag(−1, 1, . . . , 1).
D-dimensional de Sitter space dSD can then be defined as the hypersurface
ηABX
AXB = l2 . (A.1)
Fix now
(X0)2 − (XD)2 = −l2
(
1− r
2
l2
)
= −l2V (r) . (A.2)
One has then
(X1)2 + . . .+ (XD−1)2 = r2 , (A.3)
so the coordinates X1, . . . , XD−1 range over a (D − 2)-sphere SD−2 with radius r. If we
parametrize the hyperbola (A.2) of fixed r by
X0 =
√
r2 − l2 cosh t
l
, XD =
√
r2 − l2 sinh t
l
, (A.4)
then the induced metric on the hypersurface (A.1) is given by
ds2 = −V (r)dt2 + V (r)−1dr2 + r2dΩ2D−2 , (A.5)
where dΩ2D−2 denotes the standard metric on the unit S
D−2. (A.5) describes de Sitter
space in static coordinates, with horizon at r = l.
Below, we shall compute the de Sitter invariant Hadamard two-point function. To this
aim, we need the geodesic distance d(X,X ′) between two points X and X ′ on (A.1), which
reads [6]
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d = l arccosP , (A.6)
where
l2P (X,X ′) = XAηABX
′B . (A.7)
In the coordinates (A.5), one gets
l2P (X,X ′) = −
√
r2 − l2
√
r′2 − l2 cosh t− t
′
l
+ rr′ cosΘ , (A.8)
where Θ = Θ(Ω,Ω′) denotes the geodesic distance of two points with angular variables Ω
and Ω′ on the unit SD−2, e. g. Θ = φ− φ′ for D = 3.
Alternatively, we can fix
(XD−1)2 + (XD)2 = τ 2 + l2 . (A.9)
This yields
−(X0)2 + (X1)2 + . . .+ (XD−2)2 = −τ 2 , (A.10)
so the coordinates X0, X1, . . . , XD−2 range over a hyperbolic space HD−2 with curvature
radius τ . Parametrize the circle (A.9) of fixed τ by
XD−1 =
√
τ 2 + l2 cos
v
l
, XD =
√
τ 2 + l2 sin
v
l
. (A.11)
This leads to the induced metric
ds2 = −
(
1 +
τ 2
l2
)−1
dτ 2 +
(
1 +
τ 2
l2
)
dv2 + τ 2dΣ2D−2 (A.12)
on the hypersurface (A.1). dΣ2D−2 is now the standard line element on the unit hyperbolic
space HD−2.
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A.2 Hyperbolic Coordinates
If we set instead
XD = l cosh τ , (A.13)
then the coordinates X0, X1, . . . , XD−1 range over HD−1 with curvature radius l sinh τ .
The induced metric on (A.1) takes the form
ds2 = −l2dτ 2 + l2 sinh2 τdΣ2D−1 . (A.14)
Let us write the hyperbolic metric dΣ2D−1 as
dΣ2D−1 = dθ
2 + sinh2 θdΩ2D−2 , (A.15)
where dΩ2D−2 is the line element on the unit S
D−2. This yields
P (X,X ′) = cosh τ cosh τ ′ − sinh τ sinh τ ′ cosh θ cosh θ′
+ sinh τ sinh τ ′ sinh θ sinh θ′ cosΘ , (A.16)
where again Θ = Θ(Ω,Ω′) denotes the geodesic distance of two points with angular
variables Ω and Ω′ on the unit SD−2.
B Green’s Functions
The de Sitter invariant Hadamard two-point function
G(X,X ′) = const. 〈0|{Φ(X),Φ(X ′)}|0〉 (B.1)
obeys
(∇2x −m2)G(x, x′) = 0 , (B.2)
and depends on x and x′ only through P , as de Sitter space is maximally symmetric. As
shown in [41], one can write
l2(∇2x −m2)f(P ) = (1− P 2)
d2f
dP 2
−DP df
dP
−m2l2f (B.3)
for an arbitrary function f . This leads to the differential equation
16
(P 2 − 1)d
2G
dP 2
+DP
dG
dP
+m2l2G = 0 (B.4)
for the Hadamard two-point function, with the solution
G(P ) = ReF (h+, h−, D
2
;
1 + P
2
) , (B.5)
where F is a hypergeometric function, and
h± =
1
2
(D − 1±
√
(D − 1)2 − 4m2l2) . (B.6)
(B.5) generalizes the result of [6] to arbitrary dimension.
In the static coordinates (A.5), one has the asymptotic behaviour near I−
lim
r,r′→∞
P (r, t,Ω; r′, t′,Ω′) = −rr
′
l2
[
cosh
t− t′
l
− cosΘ
]
, (B.7)
which diverges. Like in [6], we can then use the formula
F (h+, h−,
D
2
; z) = (B.8)
Γ(D
2
)Γ(h− − h+)
Γ(h−)Γ(
D
2
− h+)
(−z)−h+F (h+, h+ − D
2
+ 1, h+ − h− + 1; 1
z
) + (h+ ↔ h−) ,
together with F (α, β, γ; 0) = 1, to obtain
lim
r,r′→∞
G(r, t,Ω; r′, t′,Ω′) =
Γ(D
2
)Γ(h− − h+)
Γ(h−)Γ(
D
2
− h+)
(
rr′
2l2
)−h+ [
cosh
t− t′
l
− cosΘ
]−h+
+ (h+ ↔ h−) . (B.9)
The asymptotic scaling behaviour of the two-point function G was first observed in [42].
In the hyperbolic coordinates (A.14), one has the asymptotic behaviour near I−
lim
τ,τ ′→−∞
P (τ, θ,Ω; τ ′, θ′,Ω′) =
1
4
e−τ−τ
′
[1− cosh θ cosh θ′ + sinh θ sinh θ′ cosΘ] , (B.10)
which again diverges. Using (B.8), we get
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lim
τ,τ ′→∞
G(τ, θ,Ω; τ ′, θ′,Ω′) =
Γ(D
2
)Γ(h− − h+)
Γ(h−)Γ(
D
2
− h+)
8h+eh+(τ+τ
′) [cosh θ cosh θ′ − sinh θ sinh θ′ cosΘ− 1]−h+ (B.11)
+(h+ ↔ h−) .
For D = 3, using the complex coordinate w = tanh θ
2
eiφ, (B.11) reads
lim
τ,τ ′→∞
G(τ, w, w¯; τ ′, v, v¯) =
Γ(3
2
)Γ(h− − h+)
Γ(h−)Γ(
3
2
− h+)4
h+eh+(τ+τ
′)
[
(1− ww¯)(1− vv¯)
|w − v|2
]h+
+ (h+ ↔ h−) . (B.12)
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